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Best possible conditions are given here, under which all solutions of the 
equation y”(t) + p(t)f( y(t), y(g(t))) = 0 are oscillatory. 
Consider the linear differential equation 
y”(t) + u(t) y(t) = 0, 
where a(t) E C[t, , co). By the well-known theorem of Winter [6], 
is sufficient for Eq. (1) to be oscillatory even when a(t) is not assumed positive. 
Hartman [2] has shown that the limit can not be replaced by the upper limit in 
condition (2). 
Considering the equation 
f(t) + hb(t) I’(t) = 0, (3) 
where b(t) E C[t, , a), we call b(t) a strongly oscillatory coefficient if (3) is 
oscillatory for all positive A. If  b(t) > 0, Nehari [4] shows that 
l,iz t 6’ b(s) ds = CO (4) 
is a necessary and sufficient condition for b(t) to be a strongly oscillatory coef- 
ficient . 
We consider the equation 
I’#(t) + lJ(t).fMth Yk(Q)) = 0, (5) 
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where p, g E C[t, , CO), f~ C(R x R), R = (- ccj, a) and f(rr , ~a) has the 
sign of yr and ya when they have the same sign. 
Travis [5] has recently demonstrated that all solutions of (5) are oscillatory if 
(C,) h(t) < g(t) and 0 < k < h’(t) < I, 
(C,) there exists n/Z > 0 such that J’ > M implies 
lim inf f(4’*w) > c > 0, 
It&I-Z I I W 
(C,) p(t) 2 0 and lim sup,,, t jr p(s) ds = o(j. 
Our main purpose in this paper is to give a new integral criterion for,the 
oscillation of Eq. (5) based on the use of the nth primitive 
(t - u)?‘-l p(u) du 
of the coefficient p(t), which has the critetia of Winter [6] and Travis [5] as a 
particular case. 
THEOREM 1. Let (C,) and (C,) hold. Zf p(t) 3 0 and 
where An(t) is the nth primitive ofp(t)f or some n > 2, then all solutions of (5) are 
oscillatory. 
Proof. Assume that y(t) is a nonoscillatory solution of (5). Without loss of 
generality, we can assume that y(t) > 0 for large t. We see easily? that y’(t) > 0 
for large t. Let w(t) = y’(t)/y(h(t)). Then w(t) satisfies 
noytj = -p(t) fbw YkW) 
dh(tN 
- - $$f h’(t) w(t). 
Since y’(t) > 0 for large t, lim t-r y(t) exists either as a finite or infinite limit. 
I f  lim,_, y(t) = h is finite, then 
If lim t--r -v(t) = zoo, then by (C,) we have that 
f(?Q), YkW) 
y(g(t)) - 3 c > O (6) 
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for large t. In either case, we have that (6) holds for t large enough. Since y(t) 
is increasing for large t we have that 
p(q .fb(% YMW > p(t) KY(t), .\W))) 
?,W) .?Gw) 
> cp(t) 
and 
y’o) h’(t) w(t) 2 /w”(t). 
!WN 
Thus 
w’(t) ,< -q(t) - /w(t), 
whtnce it follows that 
bt (t - u)‘~-~ w’(u) du C_ --c .$’ (t - u)“-l p(u) du - k .r,’ (t - u)“-l &(u) du. 
cl 0 ” 
Since 
j-1 (t - u)=l w’(u) du = (n - 1)j;’ (t - u)“-~ W(U) du - w(t,) (t - t,,)“-l, 
0 
we get 
cPn kfi (t - u)“-‘p(u) du 
1 II 
;t _ i 
G ZL'(t0) (, -4 
71-l 
t 
_ tl-?' [( k(t - u)“-l W’(U) du + .I’ (n - I) (t - u)+~ w(u) du] 
0 ” 
= w(t”) (qy’ + 4-yn _ 1)2 k-l@ _ 2)-l tl-'"(t _ q-2 
- tl-n 
r 
f [p244(t _ u)'l/2)cn-1, + 2-lk-l/2@ _ ])(t -U)Ui2Hn-3)]2dU 
. to 
< w(t,) W(t - t”)“--i + (4k)-1 (n - 1)’ (n - 2)-l tl-yt - t,)+’ - m(t,) 
as t -+ “o, which contradicts condition (C). Thus our proof is complete. 
THEOREM 2. Consider the equation 
(7) 
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nuhere p(t) E C[t, , co), F(y) E C(R), yF(y) > 0 fOY y + 0, F'(y) exists and is 
continuous for 3’ E R’ = (-o3,O) u (0, co). I f  (C) holds and 
F’(y) -, k > 0 for y E R’, 
then erevy solution of (7) is oscillatory. 
Proof. Assume that y(t) is a nonoscillatory* solution of (7). Letting zu(t) = 
f(t)/F(y(t)), we have 
Hence 
zu’(t) + zu’(t)F(y(t)) + p(t) = 0. 
j: (t - u)“-l zu’(u) du + J1:(t - u)“-l &(u)F’(y(u)) du 
= - 
J 
,: (t - u)“-l p(u) du. 
-4s in the proof of Theorem I, we have 
tl-” 1’ (t - u)“-l p(u) du 
- tlJ 
< zu(tO) P”(f - to)“-1 + (4k)-1 (n - 2)-l (n - 1)” P”(f - to)+ -+ 2(&J 
as t - ‘~3, a contradiction. This contradiction completes our proof. 
From Theorem 2, we have the following which is due to Kamenev [7]. 
COROLLARY. I f  the condition (C) holds, then all solutions of the equation 
y”(t) + p(t) y(t) = 0 
are oscillatory. 
Remark 1. We see easily that if (2) holds, then (C) holds for n = 3. Thus 
the oscillation criterion of Winter [6] is a special case of our Theorem 2. 
Remark 2. The domain of applicability of our oscillation criterion is wider 
than those for many criteria already known. For example, if p(t) in Eq. (7) is 
such that d:,(t) = etP sin t, then our Theorem 2 says that Eq. (7) is oscillatory, 
whereas none of the known criteria [2, 3, 4, 61 can obtain this result. 
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